Let C n denote the collection of all abelian groups that can be fundamental groups of regions in S". It is clear that C k c C k+ v It is also easy to see that C x and C 2 each consist of just two groups-the trivial groups 1 and the infinite cyclic group Z. We shall see in this paper that actually C k = C k+1 for k ^ 4, so we shall be concerned mainly with the difference between regions in S 3 and regions in S 4 . If a region A in S" is not S* itself, we may assume that A c R n , and that there is a point e of A that is at a distance ^ 1 from R n -A. Using barycentric subdivision T k of JR W of mesh converging to zero, where 7J is a refinement of T k if / < fc, let U k be the interior of the union of those simplexes that lie in A and are at a distance rgfc from e. Take A k to be the component of U k that contains e ( . It is easy to see that A { ^ A k if / < /c, and that U*°= i ^* = A ; thus n(A) is equal to the direct limit of the sequence {n(A k )}. Since each n(A k ) is finitely generated, n(A) must be countable. Now suppose that G = n(A) is abelian. Since G t = n(A^ is finitely generated, the image K t of G t in some G s = n(A s ) of the inclusion G t -• G s must be abelian. Replacing the sequence {G t } by a subsequence if necessary, we may assume that the image K t of G t in G i+1 is abelian.
The calculation of C 3 is closely related to the following problem : "Which elements of a link group commute?" In fact, if we use brick subdivision instead of barycentric subdivision of R 3 in the construction of A k , we may assume that each S 3 -A k is the union of a finite number of handle-bodieswith-knotted-holes, semilinearly imbedded in S 3 . Since each G k is finitely generated, so is its abelianized group G k = H x (A k ). We can find nonsingular loops {x l9 ... 9 x p } that generate H^A^. By the Alexander duality theorem and the fact that S 3 -A k is a manifold, we* can also find nonsingular loops {y u ..., y p } in S 3 -A k which are dual to {x l5 ..., x p } in the sense that the linking number (x h y t ) between x t and y t is equal to S ij9 where ô tj is the Kronecker delta. The image of any two elements of G k _ j in G k must commute in the complement of the link y 1 uy 2 U'"Uy p .
The following theorem (cf. [6] and [7] ) makes it possible to deal with arbitrary links. It is not difficult to prove the "if" part of Theorem 3. The trivial knot has Z as its group, and the trivial link whose linking number is 1 (see Figure 1 ) has Z + Z as its fundamental group, and the well-known P-adic Theorem 5 has its own interest, in the sense that it gives us a necessary condition for a link to be a link sliced from n 2-spheres. In general in order that / be a slice of a union of n 2-spheres, we must be able to orient / and divide / into n links l x \j l 2 u • • • u /" in such a way that the linking number of any component of l t with l } for any i ^ j is always zero. Now we may state our theorem about regions in S 4 .
WHICH ABELIAN GROUPS CAN BE FUNDAMENTAL GROUPS

THEOREM 6. An abelian group G is the fundamental group of a region in S" for n ^ 4 if and only if it is countable.
By what we said at the beginning of this paper, it is clear that we need only to prove the "if" part for the case n = 4, and it follows that C 4 = C 5 = • • •. The only way to prove this theorem is to give an algorithm to construct a region A in S 4 (actually in R 4 ) whose fundamental group is a given countable abelian group G. It is too long to give here.
